Abstract. The terahertz time-domain spectroscopy (THz-TDS) imaging system can obtain high-dimensional signals of the substance fingerprint information. It is necessary to process properly to use some signal processing techniques especially for high dimensional signals. As a mathematical description language, geometric algebra (GA) provides not only a powerful algebraic framework for the multi-dimensional vector analysis and computing, but also a unified measurement and geometrical description for different geometric models. On the basis of the GA theories, a new signal analysis method of the THz-TDS is presented. Based on the characteristics of THz-TDS signals, signals are mapped into vectors in the high-dimensional real vector space. The vectors are represented with hyper-complex numbers. We can analyze the vectors using theories of GA. Based on the physical mechanism of the THz-TDS signal analysis, geometric distribution properties and algebraic relationships of THz-TDS signals are deduced. It is demonstrated that every complex refractive index of the sample relates to a unique 2-blade B 2 , all vectors corresponding to the samples of the same substance are collinear and belong to the intrinsic 2-blade of the substance. In projective interpretation, the 2-blade B 2 represents a fixed line and all vectors related to the same substance are along that line. Accordingly, a novel substance identification method based on the relative THz-TDS is presented. In the method, two THz-TDS signals through the samples of the same substance but different thickness are measured. The intrinsic 2-blade B 2 of the substance is then determined by the outer product of these two corresponding vectors. Using the conformal split by the fixed bivector B 2 , each vector corresponding to THz-TDS signals in the vector space V n can be linearly splitted into vectors in vector spaces V 2 and V n-2 . Since that 2-dimensional subspace V 2 is the support of B 2 , the subspace is also a label for substances. So substances of samples can be identified on the magnitudes of projection vectors in that subspace. This method can contribute to the accurate classification and identification, and facilitate the feature extraction. Finally, experiments are presented and show that the substance identification method is feasible and effective.
Introduction
THz time-domain spectroscopy (THz-TDS) is one of the important detecting techniques in the THz research field, by which the time-dependent electric field of THz signals are measured [1] [2] [3] . Each THz-TDS signal records a temporal response of the THz reference pulse and can be represented by a pulse waveform, from which the THz spectrum including the amplitude and phase information is obtained by the Fourier transform [4] . Accordingly, the technique of terahertz spectroscopy is very attractive because many materials have an absorption band, which is called a fingerprint. THz-TDS image signal provides not only the spatial information but also the spectral information of the material at each pixel. One category of Terahertz spectroscopy studies is aiming to identify or differentiate substances on the basis of their terahertz time-domain spectroscopy (THz-TDS) signals and has been applied in the security checks, drug analysis, genetic engineering and chemistry and other fields. Current processing and analysis of THz-TDS signals are generally using methods of the scalar data. Usually substances are identified using the amplitude waveform or the phase waveform in the frequency domain, focusing on the waveform properties, such as peaks, slopes and shifts [5, 6] . Data processing techniques, such as neural network, wavelet, are mainly on the noise reduction of THz-TDS signals [7] [8] [9] . However, these scalar data processing methods have limitations. In practical applications, the analysis methods using waveform characteristics require high signal to noise ratio, and are not suitable to deal with signals of similar waveforms. Recently, the component spatial pattern analysis (CSPA) is proposed by Fukunaga, etc., [10, 11] . Substances are identified using absorption spectra measured with a tunable THz wave source. Stability of the THz imaging system is required for high performance. And the substance identification is based only on amplitudes of THz waves regardless of their phase information.
One THz-TDS signal usually contains 1024 samples or more. Such high dimension would cause the data redundant and the high-dimensional disaster. It is necessary to process properly and effectively using some further signal processing techniques especially for high dimensional signals. As a mathematical description language, geometric algebra (GA) provides not only a powerful algebraic framework for the multi-dimensional vector analysis and computing, but also a unified measurement and geometrical description for different geometric models [12, 13] . In recent years, geometric algebra has been successfully applied in the computer vision, color image processing, spectral image processing and high-dimensional data processing.
THz-TDS signals can be represented as hyper complex numbers [14] [15] [16] . Based on the physical mechanism of the THz-TDS signal analysis, geometric distribution properties and algebraic relationships of THz-TDS signals are analyzed under the framework of GA. From that, signals are demonstrated to belong to the intrinsic blade for each substance. Accordingly, a substance identification method via the conformal split is proposed. In this method, intrinsic blades for each substance are obtained using the normalized outer product of corresponding vectors to the substance with two different thicknesses. Substance of a sample is identified using the maximum magnitude of the corresponding vectors projected onto these blades. Finally, experiments are presented and show that the analysis in this paper is feasible and effective.
Physical Model of the THz-TDS Transmission System
The complex refractive index, ( ) ( ) ( )
, comprises the optical constants: the index of refraction ( ) n ω and the extinction coefficient ( ) κ ω . These constants of the sample can be calculated from the phase and amplitude of the transmitted THz waveforms.
A T-ray signal that passes through a parallel surfaced dielectric sample at the normal angle of incidence can be expressed as a function of the frequency, assuming no reflection, by 
Taking the argument and logarithm of the transfer function gives, respectively, where n 0 is the refractive index of free air, l is the sample thickness and
is a consequence of the Fresnel loss at the sample-air interfaces. 
THz-TDS Signals
h and
Note that, these discrete representations are complex vectors in an m-dimensional complex space. It is difficult to analysis THz-TDS signals or perform substance identification directly in such a high dimensional space. In this section, THz-TDS signals are first analyzed using GA. Two functions are defined mapping those complex vectors into real vectors. The linear relationship among those vectors is deduced on the basis of the physical model. From that, three theorems are proved and discussed. Following the fundamental decomposition theorem -the conformal split, the decomposition of vectors corresponding to THz-TDS signals are obtained. Consequently, a novel method of the substance identification based on THz-TDS signals is proposed using the conformal split.
Signal Analysis
To analysis THz-TDS signals using GA, two functions are defined mapping complex vectors into real vectors. Let m C be an m-dimensional complex space, and n V be a n-dimensional (n=2m) vector space over real numbers with the orthonormal basis of n space hyper-imaginary units , 1, 2,..., Using the function (3b), the vector relates to the transfer functionĥ is ( ) 
The equation (5) reveals a linear relationship among real vectors correspond to the measurement of THz-TDS signals of the sample and the optical constants of the substance in the sample. The thickness of the sample is exactly the proportional scalar. To explicit deduce the following theorems, some notations and assumptions are clarified first. We do not consider other sources' effecting on the measurements from the THz-TDS system in this paper. That is they are neither linearly dependent nor complex conjugate of each other. Then for substances with distinct complex refractive indexes, their corresponding vectors α and f are linearly independent of each other, that is
Based on the assumptions and the equation (5), following properties of the vectors can be deduced. Theorem1. Under the assumptions, every sequence of the complex refractive index,n , relates to a uniqueα and a uniquef in m C , consequently, every distinctn determines a unique vector α and a unique vector f in n V , and vice versa.
Proof For the substances A and B, which are with exactly the same complex refractive indexes A B= n n , i.e. From the definition of 
And it determines a unique 2-dimensional subspace 2 V in n V which is the solution set of the
Proof From our assumption 2, it can be deduced that
And so,
, and 0, , and λ λ λ λ λ λ
∀ ∈ h f α are collinear and belong to 2 B .
Proof
Using properties of the outer product, it is obviously true that
These theorems are important and usable in the substance identification. Theorem 2 demonstrates a unique 2-blade 2 B relates to each substance. And theorem 3 reveals that vectors corresponding to THz-TDS signals from the same substances but with different thickness belong to the same blade. The geometric meaning of these theorems is interpreted in the figure 1. From the theorem 2, as the complex refractive indexes are different, the blades l and 2 l , and . Accordingly, we proposed a substance identification method via the conformal split (CS).
Substance Identification
In the study of D. Hestenes, geometric algebra can be factored multiplicatively according to the fundamental theorem: [12] .A conformal split by a bivector determines a geometrically significant relation between the geometric algebras n G and 2 n− G . In the process of mapping the vector l h into the 2-D subspace intrinsic to one substance, it is necessary to obtain the unique 2-blade 2 B of that substance first. In the condition the complex refractive index n of that substance is already known, the 2-blade 2 B can be easily obtained through its definition in the theorem 2. In the general cases the complex refractive indexes of substances are unknown, the 2-blade 2 B of each substance can be evaluated using experimental measurements, which is discussed in the following.
Intrinsic blades for "known" substances can be experimental computed. Given two THz-TDS signals measured respectively from samples of the same substance "A" but with thickness l 1 and l 2 , they can be expressed by hypercomplex numbers, 1 l h and 2 l h , in form of the equation (4) . From the equation (5) Figure 2 . Illustration of the substance identification (CS).
Results

Experiment I
Ten THz-TDS signals are obtained and also their related reference signals from five substance samples using our THz-TDS system in the transmission model. The substances are marked as CARD, OSA, PTFE, RB, and WB. figure 3(b) ) are also measured from these five distinct samples. Noisy signals simulated on these fourteen signals are identified using our method. Simulations are performed by adding Gaussian white noises to signals with zero mean and different variances (listed in the table 1). Each simulation is run 500 times and 500 noisy signals are obtained for each raw signal. The substances identification method is performed on these noisy signals. Table 1 shows the accurate rate of identification over 500 runs for each simulation. The average of the signal 
Experiment II
A THz-TDS image was simulated. It was composed of 192*265 pixels and imaged at 32 frequencies (0.2THz~0.6THz). Experimental THz-TDS signals of substances 'CARD', 'OSA' and 'PTFE' were used. Each substance was simulated as being placed in a small block (a region of interest, ROI). Gaussian noises with zero mean and different variances (listed in the table 2) were added to the THz-TDS image. Such that, four simulated noisy THz-TDS images were obtained.
Substances identification on these THz-TDS images was performed using our method (CS). The visualized results are shown in the figure 4. For compare, substances identification was also performed using the component spatial pattern analysis (CSPA) [10, 11] . Accurate rates (listed out in the table 2) of both method in each experiment are calculated. In the noisy conditionsσ=0.5 and 0.1, the accurate rates of our method (CS) are higher than those of the CSPA method. That shows the advantage of our method (CS). In conclusion, a novel analysis of the THz-TDS signals using GA is presented. THz-TDS signals, described in the high dimensional vector space, are mapped into the hyper-complex numbers in GA. Geometric properties of vectors corresponding to signals from the same substance but different thickness are deduced using the language of GA. From that, signals are demonstrated to belong to the intrinsic blade for each substance. A substance identification method via the conformal split is proposed. In this method, intrinsic blades for each substance are obtained using the normalized outer product of vectors corresponding to the THz-TDS signals from the same substance but two different thicknesses. And for each sample to be identified, the corresponding vector is projected onto each blade. The maximum magnitude of the projected vector is used to identify the sample's substance.
Experiments demonstrate the feasibility and high accuracy of our method on the applications of identify substances on the basis of their THz transmission spectra.
